This paper analyzes how low-income countries should optimally respond, through fiscal policy, to commodity price shocks. The model accounts for imperfect access to world capital markets and a variety of externalities associated with public infrastructure, including utility benefits, a direct complementarity effect with private investment, and reduced distribution costs. However, public capital is also subject to congestion and absorption constraints, with the latter affecting the efficiency of infrastructure investment. The optimal windfall allocation rule between spending today and asset accumulation is determined so as to minimize a social loss function defined in terms of the volatility of private consumption and either the nonresource primary fiscal balance or a more general index of macroeconomic stability, which accounts for the volatility of the real exchange rate.
Introduction
The design of fiscal policy in developing countries with large endowments of non-renewable natural resources continues to generate much debate among economists and policymakers. While the economic rents created by high commodity prices, or the discovery of new reserves, provide an opportunity to promote economic growth and human development in these countries, managing those resources effectively has proven to be a daunting challenge. Time and again the abundance of natural resources has led to a so-called natural resource curse (van der Ploeg (2011)). Global commodity price volatility has often translated into domestic macroeconomic instability, especially in resource-rich developing countries where exports and government revenues are highly concentrated. At the same time, large and sustained inflows of foreign exchange associated with resource windfalls have led to Dutch disease effects, that is, a contraction of domestic production of nonresource traded goods resulting from increased demand for nontraded goods and a real exchange rate appreciation.
Much of the debate on natural resource management has been dominated by the permanent income hypothesis (PIH) approach. The standard PIH approach implies that, for a country where the only source of government revenues is resource income, the intertemporal budget constraint is satisfied when the nonresource primary deficit is limited to the perpetuity value of resource wealth, that is, the present value of all future resource revenue. From that perspective, the PIH provides a benchmark for the nonresource primary fiscal balance that can be financed indefinitely. 1 However, some recent research has questioned the relevance of the PIH for resource-rich low-income countries. In particular, it has been argued that the PIH is not appropriate for these countries, because it ignores the fact that they suffer from significant weaknesses in terms of access to core physical infrastructure. 2 Indeed, the narrow interpretation of the PIH-that resource windfalls should be saved in their entirety in the form of financial assets held abroad-ignores the fact that lack of access to infrastructure imposes severe 1 With projections for nonresource revenue, the nonresource primary balance benchmark also provides an estimate of the "sustainable" level of expenditure (Baunsgaard et al. (2012) , Lundgren et al. (2013) ). 2 The (in)appropriateness of the conventional PIH prescription has been discussed by Collier et al. (2010) , Gelb (2011) , van der Ploeg (2011), Baunsgaard et al. (2012) , and Lundgren et al. (2013) , considering the large development needs of low-income developing countries. constraints on economic activity in poor countries, and that investments in infrastructure, given their lumpy nature, may need to be raised significantly over the short to medium run to create a Big Push (see Agénor (2010; 2012, Chapter 6) ). As documented by Geiregat and Yang (2013) , infrastructure indicators in resource-rich developing countries continue to be either worse (paved roads, for instance) or no better (access to improved water, for instance), than in nonresource-rich developing countries, regardless of their income per capita status. 3 The key issue therefore has been to devise more flexible fiscal management rules that allow governments, in response to resources windfalls, to allocate sufficient resources to meet short-term needs in infrastructure investment and possibly other components of productive spending, while at the same time maintaining fiscal and macroeconomic stability, achieving long-term fiscal sustainability, and ensuring adequate savings for future generations.
A number of analytical contributions have attempted to address these issues. Several of them bring together elements of the literature on the optimal management of resource windfalls and the literature on the Dutch disease. In an important contribution, van der Ploeg and Venables (2013) found that, compared to the PIH prescription it may be optimal to place less of a revenue windfall in offshore funds in the long run, because of the need to finance higher public investment, but more in the short run, because of absorption constraints. Berg et al. (2013) developed a three-sector dynamic stochastic general equilibrium (DSGE) model with a financial side to discuss both fiscal and monetary policy responses to natural resource price shocks. To capture absorptive capacity constraints, the efficiency of public investment is assumed to be negatively related to the level of investment itself. In the same vein, Araujo et al. (2016) developed a two-sector model with private and public investment, as well as several frictions, including absorptive capacity constraints, inefficiencies in investment, and borrowing constraints. The model is used to study how these frictions, and the behavior of investment, affect current account dynamics associated with commodity price shocks. However, none of these contributions addresses directly the issue of the optimal allocation of resource windfalls in a stochastic environment.
This paper contributes to the ongoing debate by developing a DSGE model to study the optimal fiscal response to resource price shocks in a low-income country where access to infrastructure is limited. Specifically, the model is used to compare macroeconomic outcomes under alternative fiscal approaches to investing resource revenue, and to determine the optimal allocation between saving and investment. It explicitly accounts for imperfect access to world capital markets, government spending on infrastructure, the inefficiency of such spending, and absorptive capacity constraints.
In modeling the externalities associated with public capital, the model accounts not for only for standard productivity effects but also for direct utility benefits, a direct complementarity effect with private investment, and reduced distribution costs. At the same time, public capital is subject to congestion and absorption constraints, which adversely affect the efficiency of infrastructure spending. Importantly as well, the paper argues that the optimal allocation of resources must be determined on the basis of a social loss function that combines not only a measure of household welfare (namely, consumption volatility) but also an indicator of fiscal or macroeconomic volatility. This matters because in practice policymakers in poor countries have shown time and again explicit concern with the instability that commodity price shocks (as noted earlier) often impart to their economies. In such conditions, an optimal rule based solely on maximizing household welfare may not provide an adequate foundation for policy advice. Put differently, the analysis takes into account the revealed preferences of policymakers, rather than considering only a benevolent agent that maximizes the utility of the representative household.
The model is parameterized and used first to examine the transmission process of a temporary resource price shock under cash transfers (that is, the windfall is transferred entirely to citizens), full spending, and full saving in a sovereign fund. Under the first two rules, the model is able to account for the key stylized facts associated with a resource windfall, namely, the Dutch disease effects alluded to earlier. The optimal allocation rule between spending today and asset accumulation is then determined so as to minimize a social loss function defined in terms of the volatility, relative to the benchmark case, of private consumption and either the nonresource primary balance or a more general index of macroeconomic stability, which accounts for the volatility of the real exchange rate. In either case, the key result is that the choice between spending now and spending later involves a dynamic volatility trade-off. Initially, full spending creates a lot of volatility; increasing the share of a resource windfall that is saved (or equivalently, reducing the share spent today) tends at first to reduce that volatility. However, as the proportion of resource revenues that is saved continues to rise, the interest income from the assets held in the sovereign fund become larger, and this tends to raise spending over time, which tends to increase volatility once again. In general, neither full spending, nor full saving, represents an optimal fiscal response to resource windfalls. In addition, the optimal policy is always better, in terms of its impact on macroeconomic volatility, than an unconditional cash transfer policy.
The remainder of the paper is organized as follows. Section 2 describes the model, whereas section 3 discusses the steady-state solution and log-linearization. Section 4 presents a parameterization for a "typical" low-income country. As a preliminary step, and to establish the model as an adequate benchmark for further analysis, section 5 defines three alternative fiscal rules (cash transfers, and full allocation of resource windfalls to either public spending or accumulation in a sovereign fund) and examines the dynamics of a temporary resource price increase. In Section 6 the optimal allocation rule between spending today and asset accumulation is determined. Section 7 discusses some sensitivity analysis. The final section offers some concluding remarks.
The Model
Consider an open economy with three sectors producing a non-renewable resource (oil from now on, and identified with superscript ), a nonoil tradable good (superscript  ), and a nontradable good (superscript ). Oil output,    , is a flow endowment owned by the government; its extraction requires no use of factor resources. It is not consumed domestically and only provides an additional source of tax revenue from exportables. Tradable output,    , and nontradable output,    , are produced competitively. The nontradable good is a perishable, pure consumption good, whereas the nonoil tradable good is a mixed good, which can be either consumed or invested. Private investment (equipment) consists of tradables only, whereas public investment consists of both tradables and nontradables. 4
Capital and labor are both perfect mobile between the tradable and nontradable sectors.
Both households and the government spend on tradables and nontradables and can borrow on world capital markets. 5 However, the cost of borrowing incorporates a risk premium, which depends on the country's external debt (scaled by tradable output) and the composition of output, which measures the capacity to repay.
Oil Production and Prices
Oil production follows an exogenous deterministic process, such that
where  is the steady-state value of    and    ∈ (0 1) is an autoregressive coefficient, which (as discussed later) is related to the rate of depletion of oil resources.
The country's oil production is assumed to be small relative to world supply. The price of oil on world markets (relative to the foreign-currency price of nonoil tradables),    , follows therefore an exogenous process, which is assumed to be stochastic:
where  is the steady-state value of    ,    ∈ (0 1) is an autoregressive coefficient, and     a normally distributed random shock with zero mean and a constant variance.
Nonoil Tradable Production
Nonoil tradable goods are produced competitively using labor, in quantity    , private capital,    , and public capital,    . The production function of these goods is given by
where  ∈ (0 1),    0,    is the aggregate private capital stock, and    a productivity factor, which operates with a lag to capture gradual diffusion effects. Although public reasonable for a low-income country. Changing them-by assuming that private investment also involves some spending on nontradables as well, or that government spending consists also in part of tradableswould affect the magnitude of the response of the real exchange rate, rather than its direction. 5 Many low-income countries in Sub-Saharan Africa are now able to borrow on international financial markets; see Sy (2013) for a discussion. capital is nonexcludable, it is partially rival and subject to congestion. For simplicity, congestion is measured in terms of the aggregate stock of private capital. Given equation (3), firms maximize profits, defined as
is the economy-wide wage rate (measured in terms of foreign currency) and    the economy-wide rental rate of capital. Factor prices and the aggregate private capital stock are taken as given in solving this optimization problem. First-order conditions take the standard form
Productivity in the tradable sector is endogenous and evolves according to a learningby-doing mechanism, along the lines discussed by Torvik (2001) . Specifically, productivity increases with the share of the population employed in the tradable sector:
where  0  0 and   ∈ (0 1).
Nontradable Production
Nontradable goods are produced competitively using also labor,    , private capital,    , and public capital. The production function is given by
where  ∈ (0 1),    0, and   is a time-invariant productivity parameter.
Given (7), firms maximize profits, defined as
is the retail price of nontradable goods, taking      and    as given. The first-order conditions are
where   = 1   is defined as the unadjusted real exchange rate.
Distribution Sector
The sale of physical units of nonoil tradable goods to consumers requires using   units of the nontradable good, which are spent in distribution services. This implies that the law of one price does not hold: the cost of distributing nonoil traded goods introduces a wedge between the producer and the consumer price of these goods. As in Burstein et al. (2003) , the distribution sector is perfectly competitive so the retail price of tradable goods is equal to the marginal cost. This implies that
where    is the retail price of tradable goods. A significant fraction of distribution costs are assumed to consist of transportation costs, which are related negatively to access to (congested) infrastructure:
where  0  0 and  ∈ (0 1).
Households
Consumption decisions follow a two-step process: households first determine the optimal path of total consumption over time, and then allocate that amount at each moment in time between spending on nonoil tradables and nontradables. Specifically, in the first stage the representative household chooses sequences of consumption,  + , labor,  + , capital,   ++1 , and debt,   ++1 , for  = 0 1 ∞, and given    and    , in order to maximize lifetime utility:
where E  is the expectations operator, conditional on information available up to period , Λ ∈ (0 1) is a discount factor,   0 the intertemporal elasticity of substitution in consumption,  the inverse of Frisch elasticity of labor supply, and       0 preference parameters. As in some recent contributions focusing on the dual nature of public goods, public capital interacts with consumption to generate direct utility benefits. 6
At the beginning of period , firms receive from households the stock of capital (which can be freely reallocated across production sectors) that they acquired at date  − 1. The stock of private capital evolves therefore according to
where    is private investment, which consists only of spending on tradables,   ∈ (0 1) a constant rate of depreciation,   ∈ (0 1), and Γ() an adjustment cost function. In a novel fashion, equation (13) captures a direct complementarity effect between private investment and public capital, by assuming that gross private investment must be combined with (congested) public capital to generate effective investment.
The capital adjustment cost function is specified as
where   0 is an adjustment cost parameter.
Households own both types of firms. Their net income consists of after-tax nonoil income, which is used to service their foreign debt, consume, invest, and pay lump-sum taxes,    ; shortfalls in resources are offset by increases in foreign debt. Let    denote household foreign-currency debt; the representative household's end-of-period budget constraint is thus given by
where  ∈ (0 1) and    is the interest rate that domestic agents face on world capital markets, which is defined later.
In the first stage of the optimization problem, households maximize (12) subject to (13)-(15). 7 As shown in Appendix A, the first-order conditions are
together with the appropriate transversality conditions on    and    . Equation (16) 
, equates the expected return on capital (net of marginal adjustment costs) with the world interest rate.
Consumption is a bundle of nonoil tradables and nontradables,    and    :
where  ∈ (0 1).
Nominal consumption spending is
In the second stage of the optimization problem, the representative household therefore maximizes (19) subject to the static budget constraint
where real consumption is measured (consistent with (15)) in terms of the world price of nonoil tradables. The solution is given by
where   =       is the "adjusted" (for distribution costs) real exchange rate. From (10),
which implies, given (11), that the adjusted real exchange rate depends directly on the public-private capital ratio. 8
Government
The government receives revenues from oil production,    , taxes on nonoil income,    , as well as lump-sum taxes,    . It also receives interest income on the stock of foreigncurrency assets,   , held in a resource fund (if any), at the net interest rate    . Total revenue, measured in foreign-currency terms, is thus given by
or equivalently
The government buys nonoil tradable and nontradable goods at producer prices; its purchases, measured in foreign-currency terms, are given by   , whose determination depends (as discussed later) on the fiscal rule in place. Government spending is allocated in fixed fractions to investment    (measured in foreign-currency-terms) and consumption,    , which consists only of nontraded goods:
where   ∈ (0 1). Thus,
In turn, public investment is allocated in fixed proportions between spending on nontraded goods,    , and spending on nonoil traded goods,    :
where   ∈ (0 1). By implication,
The stock of public capital evolves according to
where   ∈ (0 1) is an indicator of efficiency of spending on infrastructure and   ∈ (0 1)
is the depreciation rate. 9
To capture absorption capacity constraints, the efficiency parameter is assumed to be negatively related with the ratio of public investment to public capital:
where  0   1  0. Thus, as investment (in proportion of the capital stock) increases, absorptive constraints tend to develop, possibly at an increasing rate ( 1  1); this, in turn, tends to slow the rate of public capital accumulation and mitigate the benefits of higher public investment. 10
The government issues foreign-currency denominated debt,    , at the world interest rate    , to finance its deficit. The government's flow budget constraint is thus given by
The nonresource primary balance,    , is defined as
Market-Clearing Conditions
Total output,   , measured in foreign-currency terms, can be defined as
The market-clearing condition of the nontradable sector equates supply of nontradables to demand, consisting of purchases by households and the government, public investment, and distribution costs:
The labor market equilibrium condition is given by
The capital market equilibrium condition indicates that the stock of capital acquired last period is allocated today across the two production sectors:
In the benchmark case, and some subsequent experiments, no resources are accumulated in the sovereign wealth fund; thus
Combining the household and government budget constraints, together with the equilibrium condition (36) and the accumulation rule (39), yields the familiar debt accumulation equation (or equivalently, the negative of the current account balance):
World Interest Rate
The interest rate earned by the country's sovereign fund,    , is set equal to the constant risk-free world interest rate,   :
By contrast, the market cost of foreign borrowing depends on the world risk-free rate and a risk premium,    :
The premium itself is positively related to the country's government debt-tradable output ratio:
where  1  0. Thus, all else equal, an increase in oil output lowers the risk premium through a reduction in the debt-tradable output ratio.
A competitive equilibrium in this framework consists of sequences of allocations
, and a sequence of lump-sum taxes {   } ∞ =0 , so that its flow and lifetime budget constraints are satisfied; and e) market-clearing conditions for nontradable goods, labor, private capital, and nonoil tradable goods (equations (36), (37), (38), and (40), respectively) are satisfied.
Steady State and Log-Linearization
The steady-state equilibrium is characterized in Appendix B. Most of the equilibrium conditions are standard; in particular, from (18) the rental rate of capital is equal to (13) and (14) private investment is equal to  =    when   = 1. 11 And from the Euler equation (16), because the equilibrium stock of public capital is constant, the steady-state world interest rate is given by the standard expression   = Λ −1 − 1. At the same time, as can be inferred from from (26) and (31), the steady-state public capital stock is  =     .
The model is log-linearized in Appendix C. For convenience, and because they matter for specifying the fiscal rules that are studied later on, some equations pertaining to fiscal variables are reported here. Specifically, the log-linearized equations for total revenues (24) and the government budget constraint (33) with constant debt are given bỹ
These equations can be combined and solved for either lump-sum taxes,   , or government spending,  , depending on the fiscal rule in place (which also determines changes in assets held in the sovereign fund,  ).
For later convenience, the log-linearized equation for the nonoil primary balance is
Parameterization
To understand the likely impact of an oil windfall on low-income countries the model is parameterized for a "typical" poor country that has recently begun to produce oil, whose reserves will take only a few decades for depletion, and has not yet accumulated substantial financial assets in a sovereign fund. For households, the intertemporal discount factor is set at 0898, based on the estimates of the real interest rate and the depreciation rate of private capital provided below. The intertemporal elasticity of substitution, , is set at 02, in line with the evidence for lowincome countries reported in Agénor and Montiel (2015, Chapter 11) . The Frisch elasticity of labor supply is set at 0125 (so that  = 8) to capture a fairly inelastic supply of labor. This is a fairly reasonable assumption for low-income countries. The preference parameter   is set at a fairly low value, 014. The share of nontradables in total consumption, , is set at 055, in line for instance with Pieschacón (2012) and Rabanal and Tuesta (2013) .
The elasticity   is set initially at a relatively low value, 008.
The rate of depreciation of private capital,   , is set at 0045, which is consistent with some of the values reported by Bu (2006) for Sub-Saharan African countries. The parameter that measures the strength of adjustment costs to private capital is set at a high level,  = 25, to match a slow response of private investment to shocks. This is the same value used in Berg et al. (2013) . The direct complementarity effect of public capital on private investment is assumed to be initially strong; accordingly,   = 05.
For the oil sector, the degree of persistence in production,    , is computed such that at half-life 50 percent of the oil reserves are still left in the ground. If proven oil reserves are expected to last 30 years, the formula yields (   ) 15 = 05, or equivalently
For oil prices, the degree of persistence is set at    = 093 and the standard deviation of the nonsystematic shock     at 025, as in Maliszewski (2009). For the nonoil sector, elasticities of production with respect to labor,  and , are set equal to 06 and 07, respectively, to capture the fact that production in the nontradable sector is relatively more labor intensive (  ). These values are consistent with the range of estimates of the share of labor income for developing countries obtained by Guerriero (2012) for instance. The evidence on the strength of learning-by-doing effects in tradable activities is somewhat ambiguous (see Syverson (2011)); consequently, the elasticity of the productivity factor in the tradable sector with respect to the share of the labor force engaged in that sector,   , is kept at a fairly low value, 003. The elasticities with respect to public capital,   and   , are set initially at the same value in both sectors, 017, which corresponds to the long-run value estimated through meta-regression analysis by Bom and Ligthart (2014, Table 4 ) for core public capital.
In the distribution sector, the sensitivity of distribution costs with respect to the public-private capital ratio, , is set at 4, to capture a situation where the lack of access to infrastructure has significant marginal effects on these costs. The initial value of the distribution cost parameter, , is set at 05, as in Burnside et al. (2006) and Oviedo and Singh (2013) for instance.
Regarding the government, the nonoil tax rate,  , is set equal to the average tax revenue-to-GDP ratio calculated by Baldacci et al. (2004, are set initially at a fairly low value, 001; the rate of return on these assets, as noted earlier, is set equal to the world risk-free rate. Table 1 summarizes the benchmark parameter values whereas Table 2 presents initial steady-state values. The share of nontradable output in total output is equal to 595 percent, the share of oil production is 78 percent (and 396 percent of total government revenues), and the share of nonoil tradable output is 325 percent. These numbers are in line with those found in some other studies for developing countries (see for instance Pieschacón (2012, Table 2) ). The rate of return on private capital is 178 percent and the private capital-output ratio is about 2, consistent also with the evidence for developing countries (see World Bank (2013, Chapter 1)). Private consumption represents 757 percent of output and private investment is 117 percent, the latter in line with the low values observed in poor countries. Government consumption accounts for 20 percent of output and public investment (as noted earlier) is 19 percent. The nonresource primary balance is in surplus initially, at 6 percent of output. The initial public-private capital ratio is 92 percent, consistent with the assumption of an infrastructure-constrained economy.
Alternative Fiscal Rules
Suppose that the country considered cannot hedge against commodity price risk and experiences at period  an unanticipated and temporary positive shock to the real price of oil,    . 15 The resource windfall corresponds therefore to the log-difference between actual oil revenues and their steady-state value, as defined in the log-linearized version of the model, weighted by their steady-state value,    . As a preliminary step to the analysis of the optimal allocation of resource windfalls, three alternative fiscal rules are considered. The first serves as the benchmark, whereas the other two serve to illustrate two extreme cases which, once combined, will help to define the intermediate case upon which an optimal rule can be derived.
With the cash transfer rule, the windfall is transferred entirely and directly to households (see for instance Baird et al. (2013) ). Thus, there is no asset accumulation (  = 0) and lump-sum taxes are reduced by the amount of the windfall in oil revenues:
with government spending  solved residually from the government budget constraint (45). Substituting (47) in equation (44) and setting  =   = 0 yields  =    .
In turn, substituting this result in (45) yields
With the full spending rule,  = 0 again, oil revenues are spent entirely on both consumption and investment:
with lump-sum taxes   solved residually from the government budget constraint (45). After substituting for  from (44), using (49), equation (45) yields
With the full saving rule (or full asset accumulation), the log-linearized law of motion for the stock of assets is given bỹ
where   ∈ (0 1) is a coefficient that measures a (small) management fee, levied on the stock of assets held in the sovereign fund. 16 Deviations in government spending from its steady-state value are now limited to changes in the flow of interest income generated from the fund:
Because oil revenues are no longer a direct resource for the government,    must be taken out of the definition of  , implying therefore that equation (44) becomes
Substituting this result in the government budget constraint (45) and using (52) implies that lump-sum taxes are once again determined by (50).
The full spending experiment is consistent with the view, advocated in a number of recent contributions, that low-income countries should use resource windfalls to address their development needs. In contrast to some of these studies, however, the view here is that these development needs are not limited to infrastructure investment; poor countries also face pressing needs in terms of education and health services. Even though the supply of these services are not explicitly modeled, this is captured by assuming that resource windfalls are allocated to total government spending, as stated in (49). The full saving experiment corresponds to the so-called bird-in-hand policy: the government limits spending from a windfall to the stream of returns from accumulated financial assets (see Collier et al. (2010) ). As reported in Table 1 , the management fee,   , is set at a low value, 025 percent of the stock of assets, a number in line with current practices of international asset management companies. 17
To illustrate the functioning of the model, an experiment consisting of a 10 percent temporary increase in    is performed. Figure 1 reports the results obtained under the full spending rule. The oil revenue windfall leads to an immediate increase in public consumption and investment; the resulting increase in the demand for nontraded goods leads to a real appreciation. To maintain equilibrium in the labor market, the product wage (measured in terms of the price of nonoil traded goods) must increase. This increase, however, is less than proportional to the movement in the real exchange rate, implying that the product wage in the nontradable sector falls. There is therefore a shift on the supply side toward the production of nontradables at the expense of nonoil tradables.
Despite the increase in the value of oil output, the contraction in the nonoil tradable sector is such that total tradable output falls; and given that public debt is constant, the risk premium on world capital markets rises through a higher debt-tradable output ratio. 17 See the Sovereign Wealth Fund Institute website, http://www.swfinstitute.org/.
The increase in the cost of borrowing tends to reduce (through the arbitrage condition with the rental rate of capital) private investment. The return to private capital also falls, thereby inducing households to save less and spend more today. Higher spending on nontradables magnifies the initial real appreciation. In addition, the increase in private consumption raises the demand for leisure and lowers labor supply. Total employment falls while at the same time workers are reallocated from the production of nonoil tradables to nontradables. At first, the drop in the former is smaller than the expansion of the latter, implying that nonoil output increases, and so do nonoil tax revenues. In turn, the increase in revenues fuels higher spending by the government and, despite the fall in the efficiency of public investment due to absorption constraints, the public capital stock begins to increase. This promotes production of both nonoil tradables and nontradables.
Over time, oil revenues and government spending fall gradually, whereas nonoil revenues follow an inverted U shape that reflects the behavior of nonoil output. The initial appreciation is magnified at first, reflecting a sustained expansion (albeit at a decreasing marginal rate) in private consumption. However, the expansion in nontradable output, and the fact that the gradual increase in the stock of public capital tends to lower transportation costs, tend to mitigate the upward pressure on the real exchange rate. Because the increase in the risk premium is fairly persistent, private investment remains depressed for a while. And despite the recovery in labor supply (which inversely mirrors the behavior of consumption) the persistent drop in the private capital stock leads to a contraction in output of nontradables, whereas the gradual reversal in the behavior of the real exchange rate (which generates expenditure-switching effects), coupled with a sustained increase in the public-private capital ratio, benefit mostly productivity of private inputs and production in the traded good sector. Productivity in the traded goods sector rises also, through learning-by-doing externalities. At the same time, the increase in the public-private capital ratio raises gradually the marginal product of labor, thereby also contributing to the recovery in employment, and reduces distribution costs, which mitigates the effect of the shock on the (adjusted) real exchange rate. Over time, as public investment falls, its efficiency recovers. The increase in the public capital stock, through the direct complementarity effect discussed earlier, helps to stabilize the drop in private investment initially and to contribute to its recovery subsequently.
The behavior of the model under the cash transfer displays similar properties as those described above. Dutch disease effects are weaker in the short run, given that public investment does not increase. The weaker appreciation of the real exchange rate mitigates the magnitude of the reallocation of resources from the tradable sector to the nontradable sector, as well as the expansion in production in the latter. As before there is a contraction in private investment and an increase in consumption, but they are both also mitigated.
With the full saving rule, assets held in the sovereign fund increase rapidly (as a share of output) and the interest income that they generate is used to finance both consumption and investment, in proportion of initial spending allocations. The increase in the cost of borrowing abroad leads to lower consumption today, thereby raising private savings and investment. The real exchange rate now depreciates on impact, and this induces downward pressure on the product wage (measured in terms of the price of nonoil traded goods) to maintain labor market equilibrium. This effect is magnified by the increase in labor supply, implying that the product wage in the nontradable sector increases by more than the product wage in the tradable sector. This would normally induce a reallocation of labor from the nontradable to the tradable sector. At the same time, however, the increase in private investment and in the private capital stock benefit mostly the nontradable sector, where it is a relatively scarce factor to begin with. This raises the marginal product of labor there-sufficiently so for labor to flow to that sector and for output to expand.
Thus, even though the policy entails a depreciation (in contrast to the full spending case), the net effect is still a shift in production toward nontradables. Over time, the contraction in household consumption is mitigated and so is the expansion of investment. 18 The thrust of the foregoing analysis is that, under either a spending rule or a cash transfer rule, the model is capable of reproducing some of the key stylized facts associated with a resource windfall. The key difference with more standard models, of course, is the presence of public capital which affects the supply-and demand-sides of the economy through a variety of channels. In particular, although increases in public investment may help to fuel aggregate demand and magnify a real appreciation in the short run, over time the positive supply-side effects of public capital work in the opposite direction. Because of its ability to reproduce these basic facts, the model provides a natural benchmark to study the main issue of interest in this paper-the optimal allocation of resource windfalls, possibly "in between" the pure spending, cash transfer, and saving rules discussed earlier.
Optimal Allocation of Resource Windfalls
Given dire infrastructure needs and significant constraints on absorption capacity, but also concerns about household welfare and macroeconomic volatility, what should be the optimal allocation of a resource windfall between spending today and spending tomorrow, through accumulation in a resource fund? As noted earlier, this issue is of great practical concern to a number of low-income countries, particularly those that are highly vulnerable to volatility and uncertainty of resource revenue as a result of a high degree of concentration of their exports. The analysis aims therefore to account for the revealed preferences of policymakers, in addition to pure welfare considerations.
Conceptually, this can be addressed by assuming that the government's goal is to allocate a fraction  ∈ (0 1) of the oil windfall to a sovereign fund and a fraction 1 −  to current spending, which includes infrastructure investment. With   1, the government raises not only spending today but also all future spending by using some of the current windfall to increase its assets held in the sovereign fund.
Formally, the resource accumulation rule is now, instead of (51),
whereas the spending rule generalizes (52) to givẽ
The term    must also now be replaced by (1 − )    in defining total taxes in (44). Substituting the resulting expression for  in (45) and using (54), it can be established that lump-sum taxes are once again determined by (50).
Most existing contributions have focused on utility-based measures of social welfare, abstracting from other considerations that may be important for policymakers. 19 The 19 Maliszewski (2009) for instance discusses derivations of optimizing rules under various social welfare stability criterion that I propose in this paper is to determine  so as to minimize a fundamental social loss function defined as a weighted geometric average of the volatility of private consumption-which is detrimental to welfare if households are risk averse-and the volatility of the nonresource primary balance,    and     , normalized with respect to the volatility indicators corresponding to the benchmark experiment (cash transfers),
where  ∈ (0 1). Thus, if the government sets policy solely on the basis of household welfare (respectively fiscal stability) considerations,  = 1 (respectively  = 0).
An alternative stability criterion is to determine  so as to minimize a generalized social loss function that involves a weighted average of the volatility of private consumption (as before) and a broader measure of macroeconomic volatility, defined in terms of a weighted average of the volatility of the nonoil primary balance and the volatility of the real exchange rate, with equal weights as a point of reference:
where again  ∈ (0 1).
The positive (rather than purely normative) approach proposed here to measuring social welfare is aimed at addressing two distinct considerations. The first is household welfare, which in general is adversely affected by the volatility of private consumption.
The second is either fiscal volatility or more generally macroeconomic volatility. The volatility of the nonoil primary balance (defined in (46)) aims to capture movements in fiscal variables that are not linked to fluctuations in oil prices, whereas movements in the real exchange rate are taken to capture changes in a key relative price, fluctuations in which are often viewed as a key symptom of macroeconomic instability.
The first panel of Table 3 shows the value of the fundamental loss function (55), calculated on the basis of (unconditional) asymptotic variances, for  and  both varying between 0 and 1 with a grid of 01. The use of asymptotic variances means therefore that functions and ad hoc rules, but his model has no productive public goods. The same issue arises in the analysis of Engel et al. (2013) . van der Ploeg and Venables (2013) and van den Bremer and van der Ploeg (2013) account for public capital but continue to focus on utility-based measures of social welfare.
the policymaker is concerned not only about volatility "today" but also about volatility "tomorrow" (in fact, into the indefinite future). The results show that while the function is decreasing in  for  given, it has a convex shape in  for  given. The reason is that, as shown in Figure 2 , volatility of both consumption and the nonresource primary balance are convex in . Intuitively, spending all the revenues associated with a windfall creates a lot of volatility in the economy. As  increases, more of the windfall is saved;
the reduction in today's spending tends at first to reduce that volatility. However, as  continues to rise, the interest income from the assets held in the sovereign fund becomes larger, and this tends to raise spending over time-thereby increasing volatility once again.
This effect is not symmetric, because the shock is temporary and the increase in spending associated with interest income (whose level depends also on the risk-free interest rate and the management fee paid on asset held in the sovereign fund) is more gradual than the reduction in spending initially associated with a higher . In the present case this means less volatility in consumption but more volatility in the nonresource primary balance for high values of , while the opposite holds with low values of . Nevertheless, there is a fundamental dynamic volatility trade-off between spending now and spending later with respect to each volatility measure in the loss function.
The convexity of the loss function means that there is a value of  for which the loss function is minimized. That value is shown in bold in the table. For  = 05 for instance, which implies that the government attaches equal weight to consumption volatility and fiscal volatility, the optimal value of  is also 05. Given the calibration, the higher the weight attached to consumption volatility (the higher  is, or conversely, the lower the weight 1− attached to fiscal volatility), the higher the share of the resource windfall that the government should save. These results are also illustrated in the three-dimensional diagram of Figure 3 . In addition, the results show that the optimal policy is always better, in terms of overall volatility, than a pure cash transfer policy; the value of the loss function is always less than unity for the optimal . The key reason for this is of course the fact that the policy has no direct effect on access to public services.
The grid of 01 used in the first panel of Table 3 is sufficient to illustrate the main point of the analysis. Of course, a more refined grid would give a more precise value of . The second panel illustrates this case when  varies between 04 and 05, by intervals of 001. The results show again that, as  increases, the optimal value of  also rises.
The third panel of Table 3 shows the optimal  when the generalized loss function (56), is used, again with a grid of 01. The results show that at low values of  the optimal allocation parameter is now higher, compared to the first panel, because of concerns with real exchange rate volatility. Again, a finer grid would provide more precise values, especially for the cases where the choice of  appears to be the same as with the fundamental loss function (for instance, for  = 06 to 10). At this stage, however, the intuition is fairly clear. In the same vein, changing the relative weights attached to fiscal volatility and real exchange rate volatility is a rather straightforward exercise, which would not change the fundamental intuition of the methodology proposed here.
It is worth noting that, in the case of a negative shock, the intuition is of course symmetric, with  representing now the proportion of the resources that are taken out of the sovereign fund-assuming, of course, that the fund is sufficiently capitalized to begin with. With small withdrawals ( low) the adverse shock creates a lot of volatility, in particular through a concomitant contraction in government spending. As  increases (more and more resources previously saved are withdrawn from the fund), the adverse effect of the initial shock on spending is mitigated and volatility decreases at first. But as  continues to rise and public outlays increase, volatility starts increasing again-at a slower rate now, given that (all else equal) the interest income generated by the lower level of assets held in the sovereign fund becomes smaller. Thus, the volatility curve takes again the same convex shape as shown in Figure 2 .
Sensitivity Analysis
To assess the robustness of the results established in the previous sections, changes in several key parameters and model specification were considered: tighter absorption constraints; a higher elasticity of output to public infrastructure; an alternative specification of the risk premium on world capital markets; an investment-biased spending rule; imperfect mobility of physical capital across sectors; and public-private sharing of resource revenues. Detailed results of these experiments are reported in the working paper version of this article. They show, in particular, that a higher incidence of absorption constraints (or equivalently a weaker ability to design and manage investment projects) implies that when public investment increases at higher rates efficiency falls, thereby mitigating the increase in the public capital stock and making output, private consumption, and other macroeconomic variables less volatile. Thus, all else equal, a higher incidence of absorption constraints implies a lower optimal . A higher degree of efficiency of public investment, , magnifies the supply-side effects of an increase in public investment and mitigates over time the volatility of the real exchange rate and consumption; this also leads to a lower optimal .
Another experiment involved raising simultaneously the share of government spending allocated to infrastructure investment,   . This investment-biased spending rule is more realistic, and also perhaps more feasible politically, than a policy involving spending the interest income from assets held in the sovereign fund only on infrastructure, given that, as noted earlier, low-income countries face not only severe infrastructure needs but are also confronted with high demands on other components of spending, especially related to human development. As can be expected, the optimal value of  is lower than in the benchmark case, given that a higher public capital stock mitigates the volatility of relative prices and consumption.
By and large, the sensitivity analysis confirms the key result highlighted earlier: the optimal choice of  internalizes the dynamic trade-off associated with saving today, and spending tomorrow, the resources associated with a resource windfall. While changes in structural parameters and model specification do affect (as can be expected) the slope of that trade-off, especially those that alter the supply-side effects of public capital, they do not affect the fundamental result of the analysis-the existence of a U-shape relationship between volatility and the share of the windfall saved. 20 20 Another set of experiments would involve switching off one by one each of the four channels through which public capital operates (utility benefits, interaction with private investment in the formation of private capital, endogenous distribution costs, and endogenous efficiency of public investment). While the results, which are not reported here to save space, indicate that these channels do affect the slope of the dynamic trade-off associated with commodity price shocks, they also show that they do not affect either the fundamental insights of the analysis.
Concluding Remarks
The main results of this paper were summarized in the introduction; in these concluding remarks it is more fruitful to consider two issues-the solution technique used, and possible model extensions.
The paper uses a DSGE framework to study the effects of temporary commodity price shocks. Even though these shocks can be persistent, entailing therefore prolonged transitional dynamics, they do not have long-run effects. As a result, only fluctuations around the steady-state equilibrium are analyzed. Yet, the fact that public capital exerts supply-side effects means that even temporary shocks could have permanent level effects, implying therefore that the steady state could change following these shocks.
Even though in the present setting changes across steady states are not accounted for, it is important to take into account the supply-side effects of productive public expenditures. The reason is that these effects matter from the perspective of mitigating volatility as well: they tend to offset the demand-side effects associated with the impact of the windfall on consumption and investment, and may therefore have a substantial impact on the volatility of the real exchange rate-and by implication the distribution of output and expenditure. Put differently, accounting for the transitional effects of productive public investment is important to discuss the short-run stabilization issue considered in the paper, even though the longer-run implications of this investment on the steady-state equilibrium are not explicitly accounted for.
Another issue relates to the fact that the paper uses a first-order log-linearization to solve the model. It is now well established that first-order approximations are insufficient in some cases, especially for conducting utility-based welfare analysis or when studying the dynamics of asset prices. In such cases, second-and higher-order approximations may be more accurate. At the same time, there are good reasons to believe that a first-order approximation may be a reasonable approach in the present case. First, only small shocks are considered, implying limited deviations from the initial steady state. Second, there are no asset demand equations and no asset prices in the model; the fact that the riskiness of an asset may be related to the variance of the underlying shocks is not a concern. Third, the paper focuses directly on asymptotic variances, not expected welfare, in defining the policy criterion; the degree of curvature of the utility function (which militates in favor of higher-order approximations) does not play a direct role in that regard. Fourth, higherorder approximation techniques remain difficult to implement with models (like this one) that are relatively large-the so-called "curse of dimensionality" problem. Nevertheless, even though it still remains to be seen if these techniques work for larger models, future research on managing resource windfalls should address both issues of switches in steady states and nonlinearities.
Future research could also consider various extensions of the model. In particular, it would be worth extending the analysis to consider yet more rules for putting resources into, and pulling resources out, of the sovereign fund than those considered in this paper. For instance, instead of assuming (as was done here) that interest income only is transferred to the government budget, it could be assumed that all commodity-related resources are allocated to the sovereign fund, and that a fraction of total fund assets (interest and principal) is withdrawn each period. Formally, the accumulation and spending rules (in levels) would then take the form
The issue then would be to solve for the optimal value of .
Another fruitful extension would be to develop a full political economy framework to provide stronger microfoundations for the loss function used-based, as argued earlier, on revealed (policy) preferences-not only in terms of the variables used but also the relative weight  of each objective in that function. For instance, fiscal and macroeconomic volatility could create a potential (electoral) cost for the incumbent; but voters could also dislike consumption volatility and this could be internalized by the incumbent.
However, while using alternative solution techniques and extending the analytical framework along the lines described above could be valuable in their own right, it is not clear that they would affect the basic intuition and the fundamental methodological contribution of this paper-the U-shape nature of the dynamic volatility trade-off that fiscal authorities must face when choosing how to manage resource windfalls. Table 3 for  = 0.5.
